In this paper we explore the correspondence between four-dimensional Born-Infeld theory and five-dimensional classical gravity. The Born-Infeld theory side corresponds to the low energy effective theory for open strings ending on coincident D3-branes in a (slowly varying) background Kalb-Ramond field, including all higher-derivative corrections. On the gravity side one has the gravitational (closed string) description of D3-branes in the same background Kalb-Ramond field and the correspondence is thus a consequence of the open/closed string duality. According to the correspondence the gravity side provides a description of the strong coupling limit of Born-Infeld theory. This is a correspondence between effective theories in a similar sense as in the fluid/gravity correspondence. We match the Born-Infeld and gravity sides up to, and including, two-derivative corrections. To this end, we find a new gravity solution for D3-branes with flat embedding in the background of an arbitrary constant background Kalb-Ramond field and show that there are no two-derivative corrections to this for a slowly varying Kalb-Ramond field.
Introduction
In this paper we explore a correspondence between Born-Infeld theory and gravity. On the one side, we have weakly coupled four-dimensional Born-Infeld theory including higher-derivative corrections. This is the low energy effective theory for open strings ending on N coincident D3-branes with flat embedding and a slowly varying Kalb-Ramond field in the background. On the other side, corresponding to the strong coupling limit of the Born-Infeld theory, we have a solution of five-dimensional classical gravity. This is the low energy effective gravitational description of N coincident D3-branes with flat embedding in the same Kalb-Ramond field background.
The Born-Infeld/gravity correspondence can be seen as a holographic correspondence since it relates the strong coupling limit of a theory without gravity to a gravitational theory. Since it is a correspondence between effective theories it is akin to the fluid/gravity correspondence [1, 2] . However, unlike the fluid/gravity duality, the duality considered here is at zero temperature and the gravitational side involves asymptotically flat solutions of gravity rather than asymptotically AdS.
For the open-string (Born-Infeld) side at weak coupling the leading order effective action is [3, 4] 
This is the effective action for N D3-branes in the background of ten-dimensional flat space with a slowly varying Kalb-Ramond field B ab and with the Ramond-Ramond fields being zero. We specialize here to the case of zero world-volume field strength which means that the action effectively is the abelian Born-Infeld action times N and that the abelian part of the gauge-invariant field strength is F ab = B ab in the world-volume directions. The above action is computed (for N = 1) from the disc topology of the open string world-sheet. One has two possible expansion directions. Either in terms of the α = l 2 s parameter, l s being the string length. Or in terms of the topological expansion of the string world-sheet.
For a varying F ab the action (1.1) will have higher-derivative α corrections. From covariance it follows that there are only corrections at an even number of derivatives. Each derivative comes with a string length l s thus this expansion is in the low energy limit l s ∂ a F bc 1. It has been shown that there are no two-derivative corrections [5] . Moreover, all terms with 2n derivatives and n + 2 powers of F ab have been found [5, 6, 7] .
Turning on the string coupling g s one needs to consider the topological string world-sheet expansion. We explain that for many branes N 1 this can be separated into planar and non-planar diagrams, with the planar diagrams being dominant. The appropriate coupling to expand in is g s N which is analogous to the 't Hooft coupling of Yang-Mills theories. The power of g s N is set by the number of boundaries of the world-sheet. Hence when g s N becomes finite or large one needs to add diagrams with an arbitrary number of boundaries.
Low energy description of D-branes can either be described in terms of open string variables or closed string variables due to the open/closed string duality [8] . The low energy description of the closed string side is type IIB supergravity. When describing N coincident D3-branes using supergravity solutions one has included string diagrams with an arbitrary number of boundaries since the supergravity solution is non-linear. Therefore, on the closed string side it is possible to describe the g s N 1 regime. In fact, it is a necessary condition for the validity of the supergravity approximation.
In this way one gets a Born-Infeld/gravity corrrespondence as a low energy manifestation of Polchinski's discovery of the open/closed string duality, namely that D-branes not only are what open strings end on, but that they also source the closed string Ramond-Ramond fields [8] . Considering N 1 coincident D3-branes in a slowly varying Kalb-Ramond field, then in the weakly coupled regime g s N 1 one has a good description in terms of the low energy effective theory for open strings, described by the Born-Infeld action plus higher derivative corrections from the α expansion. Instead in the strongly coupled regime g s N 1 one has a good description in terms of a five-dimensional gravity theory, dimensionally reduced from type IIB supergravity. In this case, the leading higher-derivative corrections come in powers of √ g s N α . Our first main result of this paper is that we formulate the higher-derivative expansion on the gravity side, and we show how to read off both the equations of motion for the Born-Infeld field strength as well as the energy-momentum tensor.
The second main result is the zeroth order gravity solution, presenting for the first time the general solution of N coincident D3-branes in the background of a constant Kalb-Ramond field. This is presented in a covariant form with respect to the relativistic symmetry on the world-volume. In this form the solution is actually simpler than the solutions it generalizes, such as the D3 D1, D3 F 1 [9] , D3 (F 1 D1) and D3 (F 1 ⊥ D1) bound states [10, 11, 12, 13, 14, 15, 16] . From this we reproduce the leading order Born-Infeld action (1.1) in the strongly coupled regime g s N 1. The third main result is that we can show that the two-derivative correction on the gravity side does not give rise neither to a two-derivative correction of the energy-momentum tensor, nor to the equations of motion of the field strength. This result rests on showing that the zeroth order solution is unique under small perturbations, which we are able to show using among other things a chain of T-dualities. Thus, we deduce from this that the Born-Infeld action at strong coupling g s N 1 does not have two-derivative terms at order √ g s N α . This seems to be in accordance with the absence of two-derivative terms for the weakly coupled regime g s N 1 at order α . Thus, this result points to a possible connection between the α expansion at weak coupling g s N 1 and the √ g s N α expansion at strong coupling g s N 1. The Born-Infeld/gravity correspondence is closely related to the blackfold effective theory approach to branes [17, 18] . 1 The blackfold approach enables one to make an effective description of branes at finite temperature in a situation where the thickness of the brane is much smaller than the length scales associated with its embedding and the background of the brane. The effective theory is described as a fluid living on the brane. Indeed, in [26] it is shown how one can interpolate between the blackfold approach for D3-branes and the fluid/gravity duality. Specifically for D-branes, it has been pointed out previously that the blackfold approach is in correspondence with the Dirac-Born-Infeld action [20, 27, 16, 28] . Earlier work on this type of correspondence can be found in [29, 30, 31] . In this paper we make a more precise study of this type of correspondence by considering a specific setting where the world-volume has a flat embedding.
While in this paper we consider Born-Infeld theory at zero temperature, one can also explore the Born-Infeld/gravity duality at non-zero temperature. The first step towards this was taken in [16] where one compares the thermal Born-Infeld theory with a constant field strength at weak and strong coupling. The main result of this is that the leading T 4 correction to the free energy at strong and weak coupling only differ by the famous 3/4 factor of [32] despite the non-trivial dependence on the field strength. The reason for this is that taking the decoupling limit leads to the AdS/CFT correspondence in the Poincaré patch though in a different coordinate system [16] .
In the literature one has investigated the possibility of a full duality between type IIB string theory on the background of N D3-branes and a theory that would reduce to N = 4 super Yang-Mills theory in the infrared [33, 34, 35, 36, 37, 38, 39] . In case one can formulate such a generalized version of the AdS/CFT correspondence the Born-Infeld/gravity correspondence should emerge in the low energy limit. We would like to emphasize that our results are independent on whether this is possible, or not. Indeed, the Born-Infeld/gravity correspondence is between two effective descriptions of the D3-brane physics that both arise considering Polchinski's open/closed string duality [8] in the low energy regime, and as such only relies on the validity of the open/closed string duality.
This paper is structured as follows. First we explain the general setup with D3-branes in a background Kalb-Ramond field in Section 2. Secondly, we have some general remarks about why there is a Born-Infeld/gravity duality in Section 3 and how it arises naturally from the open/closed string duality. Then in Section 4 we review the Born-Infeld theory side, including some of the leading higher-derivative corrections. In Section 5 we turn to the gravitational side of the duality. First we give the general ansatz for the gravity solution and the equations of motion. Then in Section 5.2 we present the new general solution for a D3-brane with arbitrary constant Kalb-Ramond field. In Sections 5.3-5.4 we show that this general solution can be generated by a chain of T-dualities, rotations and boosts, and that the solution is unique under small perturbations. In Section 5.5 we consider the systematic expansion of the gravity solution in powers of higher-derivative corrections along the world-volume direction. We show how to read off the equations of motion for the Born-Infeld field strength at an odd number of derivatives and show furthermore how the solution is corrected at two derivatives. Finally, in Section 5.6 we explain how to read off the higher-derivative expansion of the energy-momentum tensor for the Born-Infeld theory. We end the paper with our conclusions and a discussion of the results in Section 6. Important note: While this paper was in the final stages of preparation, the paper [40] appeared, with independent work that has significant overlap with this one.
The setup
We consider N coinciding D3-branes with N 1 in the background of ten-dimensional Minkowski space. Writing x µ , µ = 0, 1, ..., 9, as the Cartesian coordinates for the Minkowski space we put the D3-branes at the hyperplane x 4 = x 5 = · · · = x 9 = 0. More specifially, writing the world-volume coordinates for the D3-branes as σ a , a = 0, 1, 2, 3, we choose the flat embedding x a (σ) = σ a , a = 0, 1, 2, 3 and x i (σ) = 0 for i = 4, 5, ..., 9.
The type IIB supergravity background furthermore has zero dilaton field φ = 0 and zero Ramond-Ramond field strengths. However, we turn on a Kalb-Ramond field B µν in the directions parallel to the brane world-volume while being zero along the transverse directions. We write this as B ab = F ab for a, b = 0, 1, 2, 3 and B µν = 0 otherwise, where F ab can be thought of as the induced gauge invariant field strength on the D3-branes. From the type IIB supergravity equations we get that the Kalb-Ramond field strength is zero dB (2) = 0 and hence
Due to the presence of the D3-branes this is not pure gauge. We assume that F ab is slowly varying over the D3-brane world-volume. Let R denote the minimal length scale of variation of F ab . Then slowly varying means that R/l s (g s N )
As we discuss in detail below in Section 3, when g s N 1 the open-string dynamics is strongly coupled but one can instead use the closed string channel to describe the D-brane dynamics, employing Polchinski's open/closed string duality. Here the low energy effective description is type IIB supergravity. The D-branes backreact on the geometry and we can describe their dynamics by finding solutions to type IIB supergravity, which for our setup effectively reduces to finding solutions of a certain five-dimensional theory of gravity with some matter fields. We consider this in Section 5.
3 General remarks on the Born-Infeld/gravity correspondence Before we turn to the low energy effective descriptions of the Born-Infeld/gravity correspondence from open and closed string point of view in Sections 4 and 5, we first consider how one can understand it on general grounds in terms of the open/closed string duality.
Open string point of view
We consider the setup of N D3-branes in a slowly varying background Kalb-Ramond field as described in Section 2. Viewing this from the open string point of view one can compute a low energy effective action for the dynamics of the D3-brane using perturbative open string theory. One has two relevant expansion parameters: α and the string coupling g s . α = l 2 s is the inverse of the string tension T = 1/(2πα ) where l s is the string length. For N = 1 and to leading order in both expansions the low energy effective Lagrangian is the abelian Born-Infeld Lagrangian
where η ab = diag(−1, 1, 1, 1) is the four-dimensional Minkowski metric and the indices a, b = 0, 1, 2, 3 are world-volume indices. Moreover, T D3 = 1/(g s l 4 s (2π) 3 ) is the D3-brane tension. Here F ab = B ab + 2πl 2 s F ab is the gauge invariant field strength for the abelian Born-Infeld Lagrangian. We set the world-volume field strength F ab to zero. We do not have any Chern-Simons terms since the bulk field that would couple to these are zero in our setup. The field strength F ab obeys (2.1).
Since we consider zero world-volume field strength the effective Lagrangian for any N is
which is just the abelian Born-Infeld Lagrangian (3.1) multiplied by an overall factor of N . Thus, we are focussing on the abelian part of the non-abelian Born-Infeld Lagrangian. One can see this factor arising from the trace over the Chan-Paton factors for the open string. This trace is trivial as we set the non-abelian world-volume field strength to zero. We shall choose to be in the regime N 1 for reasons mentioned below. The Lagrangian (3.2) is computed from open strings with the world-sheet having the topology of a disc, see Figure 1 . A slowly varying background Kalb-Ramond field introduces an interaction Since we would like to connect to the gravity description of the D3-branes we are interested in the corrections for large N and weak string coupling g s 1 and thus g s N g s . We can rewrite the weight as
We see here that the leading corrections are the planar corrections with no handles h = 0. The planar diagrams are thus obtained by adding more boundaries to the world-sheet without adding handles. As anticipated above in Section 2, we see that for our open string description to be 
Closed string point of view
Thanks to the open/closed duality of Polchinski [8] , one can equivalently compute the diagrams 2, 3, 4 from a closed string point of view. For closed string theory, there is a D3-brane boundary state for each boundary on the string world-sheet [41] . The closed string computation for each diagram gives the same result and the weight factor of Eqs. One can take into account the non-zero Kalb-Ramond field by finding the appropriate D3-brane boundary state [42] .
We now want to take the low energy limit and describe the physics using closed string variables, rather than open string variables. Hence we insert a vertex operator for any of the massless states of type IIB string theory on the diagrams. This enables us to describe the low energy limit of the diagram from the closed string point of view.
Gravity description at strong coupling
We now turn to the low energy effective description of this in terms of gravity. The low energy dynamics of closed strings is described by gravity plus matter. In this case type IIB supergravity. Inserting a single boundary state corresponds to considering the effect of a delta-function source for the D3-branes in a linearized gravity theory. Instead, as the coupling g s N becomes large, one should consider diagrams with an arbitrary number of boundaries b. In this way one approaches the fully backreacted solution where the gravity field is interacting with the source an arbitrary number of times. Indeed, the full non-linear gravity solution for N D3-branes includes the sum over diagrams with an arbitrary large number of boundaries b. The insertion of the vertex operator for the massles closed string state corresponds to the fact that one is computing treelevel one point functions for the supergravity fields with an arbitrary number of interactions with the source.
Instead we only include the planar diagrams with h = 0 as each handle, also from the closed string point of view, comes with a g 2 s factor. To include such a correction one would need to go beyond type IIB supergravity. To suppress these corrections we need g s 1. As we shall review in Section 5, the gravity description of the N D3-branes is valid only for g s N 1, since we want to suppress the closed string α corrections as well. Hence on the closed string side we are in the regime g s N 1 and g s 1. This we can regard as the strong coupling regime of the Born-Infeld action.
Holographic point of view
Our above considerations implies two regimes in which we can find low energy effective descriptions of our D3-brane setup of Section 2. In the weakly coupled regime g s N 1 we can use the low energy effective description derived from open strings to obtain the effective action. Instead in the strongly coupled regime g s N 1 the low energy effective action can be obtained from gravity. In this sense we see that our correspondence is a holographic one, as we have a weak/strong coupling correspondence between a theory without gravity and one with gravity. From the open/closed string duality point of view, this merely corresponds to describing the same string diagrams in terms of a different set of variables.
Born-Infeld side
As explained above, what we call the Born-Infeld side of the Born-Infeld/gravity correspondence is the effective low energy description of open string theory in the setup of Section 2 with N D3-branes in the background of a slowly varying Kalb-Ramond field. While we have N 1 and g s 1 for both sides of the correspondence the Born-Infeld side gives a good description at weak coupling g s N 1 (4.1)
Below we describe the low energy effective action to zeroth order in g s N . This includes the first few orders in the α expansion, giving rise to higher derivative terms.
Leading order Born-Infeld action
For our setup the leading order low energy effective action for g s N 1 and to leading order in the α expansion is given by Eq. (3.2). We introduce now notation that will be useful for comparing with the strong coupling limit. Define
Below we shall regard G a b and F a b as 4 by 4 matrices. In particular, we define the inverse
The equations of motion from this Lagrangian are
Here, as well as below, we use η ab and η ab to raise and lower indices. The Born-Infeld energymomentum tensor for the Lagrangian (3.2) is computed to be
Hence we can write the energy-momentum conservation as
Higher derivative correction in α expansion
The α expansion of the Born-Infeld action has been extensively studied, see for instance the excellent summary in [43] . Here we shall consider the action only up to four derivatives, i.e. to second order in α . Let us write the exact Lagrangian in a world-volume derivative expansion in the following fashion 6) where the zeroth order term, L (0) , is the Born-Infeld Lagrangian (3.2). As we already mentioned only the even number of derivatives terms appear in the expansion. Each term L (2n) comes with a factor α n . The generic 2n-derivative term in the expansion (4.6) can be further decomposed according to the number of F's it contains
where the index m counts the number of F's.
In [5] it was shown that all the two-derivative terms are zero, L (2) = 0. It can be also proved that terms involving an odd number of F's have to vanish because of the invariance of the theory under worldsheet parity (see footnote in the Introduction of [7] ). Furthermore all the m = 2 terms in (4.7) vanish as well [43] . So the sum in (4.7) actually only runs over the even m starting from m = 4.
The four derivative term L (4) has been considered to all orders in F [6] although an explicit form is not known. The contribution quartic in F takes the form [5] 
where K ab and M abcd are
(4.9)
Gravity side
Following Polchinski's conjecture [8] D-branes in the low energy limit of type IIB string theory source the Ramond-Ramond fields of type IIB supergravity. Hence as described in Section 3 the setup of Section 2 with N D3-branes in the background of a slowly varying Kalb-Ramond field admits in this way a low energy effective theory description in terms of type IIB supergravity. This is a good description for
Below we describe the aspects of type IIB supergravity that we need for the particular setup, which effectively becomes a five-dimensional gravitational theory. The leading order solution for arbitrary constant F ab is given in Section 5.2 in a world-volume covariant form. In Section 5.3 we generate this solution from a chain of dualitites and we employ this in Section 5.4 to show uniqueness of the solution. In Section 5.5 we consider the derivative expansion for a slowly varying F ab field and show that there are no two-derivative corrections to the corresponding strongly coupled Born-Infeld action. Finally in Section 5.6 we explain how the asymptotic region of the D3-branes is defined, given that one wants to have a derivative expansion, and how to read off the energy-momentum tensor of the D3-branes in the asymptotic region.
Setup in ten and five dimensions
The Lagrangian of the bosonic part of type IIB supergravity is 4
Here φ is the dilaton and χ is the axion (or zero-form RR potential). The field strengths are defined as H (3) = dB (2) , F (3) = dA (2) −χ∧H (3) and
where A (2) and A (4) are the RR two-and four-form potentials, respectively, while B (2) is the Kalb-Ramond two-form potential. The metric g µν is in the Einstein frame and R (10) is the corresponding Ricci scalar. The Hodge dual of the five-form field strength is defined as * F µ 1 ···µ 5 = 1 5! √ −g µ 1 ···µ 10 F µ 6 ···µ 10 . The self-duality constraint of type IIB supergravity is * F (5) = F (5) . 4 The Chern-Simons term equals
Consider now the supergravity description of N D3-branes in the background of a slowly varying Kalb-Ramond field, as described above. r denotes here the radial coordinate in the transverse space of the D3-branes, hence they are situated at r = 0. The boundary condition of having a slowly varying Kalb-Ramond field as background can be formulated as
with F ab (x c ) obeying (2.1). The metric asymptotes to ten-dimensional Minkowski space while the scalars φ, χ and the RR two-form potential A (2) asymptote to zero for r → ∞. As the D3-branes are situated at r = 0 the ten-dimensional metric takes the form
where m, n = 0, 1, 2, 3, 4 are indices for the five-dimensional metric h mn and η is a scalar. Note that h mn and η only depends on x m , m = 0, ..., 4.This follows from using the symmetries of the setup as well as the gauge freedom of the ten-dimensional metric. One can furthermore impose the following gauge for the five-dimensional metric
where r = x 4 and a, b = 0, 1, 2, 3 denotes the indices for the world-volume directions. To impose that we have N D3-branes we set the five-form RR field strength to be
where ω 5 is the volume-form for the unit five-sphere and r c is defined as
As we shall see below r c sets the length scale of the thickness of the D3-brane. Since only the metric and F (5) involve the five-sphere directions we can effectively reduce the above ten-dimensional setup to a five-dimensional one. To this end, write the ten-dimensional metric in slightly more general form
introducing the additional scalar field ρ. Taking this together with the ansatz (5.6) for F (5) we can instead find the gravitational background that corresponds to the D3-branes as a solution of a five-dimensional theory of gravity with metric h mn plus matter fields φ, χ, η, ρ, B mn and A mn . In this five-dimensional reduced theory with coordinates x m and metric h mn the EOMs for the matter fields are
where
The Einstein equations take the form
where R mn is the Ricci tensor and D m is the covariant derivative with respect to h mn .
General solution for D3-branes with constant F ab field
We now present the general solution for N D3-branes with the boundary condition (5.3) on the Kalb-Ramond two-form where F ab is constant. This is a new solution. It generalizes the previously known solutions of the D3 (F 1 D1) bound state [14, 15] corresponding to e.g. F 01 and F 23 turned on, and D3 (F 1 ⊥ D1) bound state [16] corresponding to e.g. F 03 and F 23 turned on. 5 We use in the following the four-dimensional Minkowski metric η ab as well as F a b , G a b and m defined in (4.2). We regard F a b and G a b as 4 by 4 matrices. We define furthermore *
Note that indices on G a b and F a b , * F a b and their matrix products in the following always are raised and lowered with η ab and η ab . One can compute that Tr(G) = 4−Tr(F 2 ) and det(G) = m 4 . 5 We note that for the case in which the D3-brane world-volume is on four-dimensional Minkowski-space, the classification of the types of possible bound states is equivalent to the classification of constant electromagnetic field strength configurations, since F ab is the same type of field. From this one learns that using boosts and rotations one can reach either the case in which the only non-zero components are F01 and F23, including the cases in which one of these are zero, or the case F01 = ±F12, corresponding to having an orthogonal electric and magnetic field equal in magnitude. Thus, using boosts and rotations, all configurations can be reached starting from either the D3 (F 1 D1) or the D3 (F 1 ⊥ D1) bound states. Of course, in our case it is crucial to have constructed the explicit solution for arbitrary F ab since we allow in the following F ab to vary over the world-volume. Another instance in which it is crucial to have our explicit solution is when compactifying on T 3 .
The ansatz (5.4)-(5.5) for the ten-dimensional metric is translated into
The solution is where r c is given in (5.7). The above is the solution for N D3-branes with a constant F ab . Since this should provide a low energy description of the D3-brane dynamics we should have r c l s . This requires
which reflects that the above solution is the low energy effective description of the strongly coupled Born-Infeld theory.
Duality chain generating constant F ab D3-brane solution
The solution (5.13) for N D3-branes with a constant F ab field can be generated by a chain of T-dualities, boosts and rotations. This reveals in which sense it generalizes the D3 (F 1 D1) bound state [15] and the D3 (F 1 ⊥ D1) bound state [16] Hence, one should make the appropriate gauge transformation of the Kalb-Ramond field to arrive at the one written in (5.13).
Uniqueness of constant F ab D3-brane solution
For use below we prove in this subsection the perturbative uniqueness of the constant F ab D3-brane solution (5.13). Clearly we can demand that the solution (5.13) plus any possible perturbation should be translationally invariant along the four world-volume directions, as well as rotationally symmetric in the transverse directions. Consider first the perturbative uniqueness of the D3-brane solution with F ab = 0, i.e. in a background without any field or potential turned on. This solution is (5.15) . Consider now perturbing the D3-brane solution by a small fluctuation. We demand that the fluctuation is translationally symmetric along the world-volume directions x a , a = 0, 1, 2, 3, as well as rotationally symmetric in the orthogonal directions to the D3-brane. This means we can describe the fluctuation using the five-dimensional setup of Sec. 5.1 and in particular the metric gauge (5.12). Moreover, we can work in a gauge where the fluctuation only depends on the r coordinate. Thus to any field or component of field X I = (h ab , η, φ, χ, B ab , A ab ) we add a fluctuation δX I (r) = (δh ab (r), δη(r), δφ(r), δχ(r), δB ab (r), δA ab (r)). We now put this into the equations of motion (5.9)-(5.10). Since the fluctuation is assumed to be small we can linearize the equations for the fluctuations. After some straightforward algebra one finds that the most general fluctuation is of the form We can now use the duality chain of Sec. 5.3 to show uniqueness in the general case. Start with the D3-brane solution (5.13) with an arbitrary constant F ab . We write this solution as Y 
Corrected solution for slowly varying F ab field
We would like to describe the strong coupling limit of Born-Infeld theory with a varying F ab field along the world-volume. Above we saw that using the gravitational description as a low energy effective theory requires r c l s . Since we want to approach finding the effective action using an expansion in world-volume derivatives of F ab we need that F ab varies sufficiently slowly. Since the thickness of the D3-branes is of order r c a perturbative expansion in world-volume derivatives requires that R r c since we can then use the constant F ab solution (5.13) as a valid solution for length scales smaller than of order R.
Considering the equations of motion (5.9)-(5.10) we now include the world-volume derivatives of the fields. The ansatz (5.12) is used at any order. The solution (5.13) then corresponds to the zeroth order solution that we expand around.
It is important to note that the perturbatively corrected solution that we are considering below only can be valid for r R. This is because an observer at r R would get contributions from a piece of the brane which is larger than the minimal scale of the variation of F ab . Hence for this observer the corrections to (5.13) would be of the same order as the solution (5.13).
First order in derivative expansion
We start by looking at the equations that involve a single world-volume derivative. On general grounds we expect that the solution (5.13) cannot be corrected by terms with an odd number of world-volume derivatives. This is because all the fields involved either have zero (η, φ and χ) or two (h ab , B ab and A ab ) world-volume indices. Since F ab has two world-volume indices it is not possible to write down terms that are special-relativistically covariant on the world-volume and that have an odd number of world-volume derivatives. However, the equations are still non-trivial as we now shall see.
Eqs. (5.9) contains two equations with one world-volume derivative
while Eq. (5.10) contains one equation
here written imposing log √ −h = −2η. We first consider the above equations to leading order at large r. For the first equation of Eqs. (5.19) we see that the LHS starts at order 1/r 5 while the RHS at order 1/r 9 . Hence to leading order we have to satisfy ∂ b H bar = 0. This gives the constraint 
Second order in derivative expansion
At second order in the world-volume derivative expansion one has corrections to the zeroth order solution (5.13). Write the general solution including higher-derivative correction as Y I = (h ab , η, φ, χ, B ab , A ab ) where the index I runs over all the possible fields and their components of the solution. Then Y I is expanded in powers of the world-volume derivatives
where Y is similarly the 4th order correction, and so on. There are no corrections with an odd number of world-volume derivatives since one cannot write a covariant expression for this in terms of F ab . The equations that determine
are all the equations in (5.9)-(5.10) involving an even number of world-volume derivatives. Schematically, one can write them as
where m runs over all the equations of motion and one sums I and J over all the fields and their components.
It is straightforward to find a solution to (5.24) by working in a large r expansion of Y
I . This reveals a solution of the form
Here the leading contributions are
Given these leading contributions at order 1/r 2 one can straightforwardly compute the 1/r 6 contributions, and so forth, computing the full series (5.25). Thus, this gives a particular solution to the (5.24). One can also find other solutions to (5. 
Third order in derivative expansion
From the first of (5.19) we see that the LHS for the two-derivative corrections starts at order 1/r 2 while the RHS at order 1/r 6 . Hence to leading order we have to satisfy ∂ b H bar = 0. This gives the constraint
which is satisfied assuming the constraint (5.21) is. At leading order in the large r expansion from the second of (5.19) we see that the LHS for the two-derivative corrections starts at order 1/r 2 while the RHS at order 1/r 6 . Hence to leading order we have to satisfy ∂ b F bar = 0. This gives the constraint
which is satisfied assuming the constraint (2.1) is.
From (5.20) at leading order in large r we get from the LHS ∂ b ∂ r h ba = 0, this gives the constraint
which is of course satisfied assuming (5.22) .
Fourth order in derivative expansion
The fourth order corrections at large r can be put in the form
I,0 log r + C (4) I,4
One can easily compute the leading order coefficients C
I,0 , which read
I,4 , however, cannot be fixed, since they give the 1/r 4 corrections and are thus related to the solution of an homogeneous equation of the type (5.18). To determine this correction, one should in principle find the exact solution satisfying the required boundary conditions.
Reading off the energy momentum tensor
In this section we describe how to read off the energy-momentum tensor of the D3-brane configuration with a slowly varying F ab field. To have a intuitive physical picture of this we consider it in ten dimensions, rather than in the equivalent five-dimensional setup of Sec. 5.1.
Consider thus a general D3-brane configuration with slowly varying F ab as described in Sec. 2 in the regime r c l s . As in Sec. 2, R denotes the minimal length scale of the variation of F ab over the world-volume. The ten-dimensional metric for the full solution can be put in the form (5.4)-(5.5). We require that the solution asymptotes to ten-dimensional flat space for r → ∞. However, to find the metric for r R one needs to know F ab over a patch of size much larger than R. Hence for r R one cannot use the zeroth order solution (5.13) as a good approximation to the full metric since one needs to go beyond the perturbative expansion in higher-derivative terms.
Instead in the region r c r R one is sufficiently far away from the D3-brane to define an asymptotic region with linearized gravity, and one can use the zeroth order solution (5.13) as a good leading order approximation to the full solution. Thus, this is the asymptotic region in which we shall read off the energy-momentum tensor of the D3-brane.
Solution for weak gravitational field around 3-brane source
In terms of the metric ansatz (5.4)-(5.5) we write the weak gravity field as
where |h ab | 1 and |η| 1. We make the gauge choice
In this gauge the linearized Einstein equations in the region r c r R become [∂ 2 r + (5/r)∂ r + ∂ c ∂ c ]h ab = 0. If we imagine an infinitely thin 3-brane sitting at r = 0 with energy-momentum tensor τ ab (x c ) on the brane, then the linearized metric around the brane obeys the equation
where G is the ten-dimensional Newtons constant given by 16πG = 2π/T 2 D3 . Assume now τ ab varies slowly along the world-volume directions and let R denote the minimal length scale of that variation. Thus we expand τ ab in higher-derivative corrections
where τ
ab means that we include n world-volume derivatives. Note that we assume that there can only be corrections with an even number of derivatives. Correspondingly, in the region r R, we can also expandh ab in powers of the higher-derivative contributions
ab means that we include n world-volume derivatives. Inserting now these two expansions in (5.34) we find
and so on, all in the region r R. We can straightforwardly solve these linearized Einstein equations in the region r R ash
where we used Ω 5 = π 3 and the definition of r c in (5.7).
Reading off energy-momentum tensor for D3-brane with slowly varying F ab field
Considering the zeroth-order solution for the metric (5.13) we see that the leading correction to the flat space metric ish
Hence according to (5.38) we see that
that we recognise as the EM-tensor (4.4) for the leading order Born-Infeld Lagrangian (3.2) at strong coupling g s N 1. Considering the two-derivative correction to the gravitational solution, we see from the fact that the correction is of the form (5.25) with the leading coefficients given by (5.26) that
This is consistent with (5.38) provided we have
confirming what we already concluded above, that the two-derivative correction terms to the Born-Infeld action at strong coupling g s N 1 vanish. Finally, for the four-derivative correction to the gravitational solution we see from Eqs. (5.30)-(5.31) that the log r coefficient as well as the absence of a r −2 coefficient is consistent with (5.38) while the fact that we have not determined the r −4 coefficient means that we cannot read off τ (4) ab .
Conclusions and outlook
In this paper we have explored the holographic correspondence between four-dimensional BornInfeld theory and a five-dimensional gravitational theory. This correspondence is a consequence of the open/closed string duality [8] . There are several points to make.
• The correspondence resembles the fluid/gravity correspondence [1, 2] . In particular we have the same feature that at each order in the number of world-volume derivatives, part of the Einstein equations are constraints on the variation of the collective coordinates, being the field F ab , while the remaining Einstein equations should be solved to obtain the corrected gravitational solution.
• One can regard the method used on the gravitational side to obtain the higher-derivative corrections as an application of the blackfold approach [17, 18] . In particular, when reading off the energy-momentum tensor of the brane we are integrating out the short-wavelength degrees of freedom and giving a long-wavelength description for the brane in terms of collective coordinates. In this case the collective coordinates are the components of the field F ab .
• The Born-Infeld/gravity correspondence is a holographic correspondence for which the gravitational side is asymptotically flat. Therefore, one could potentially use it to learn about holography in flat space. While several works have investigated holography in flat space (see for example [44, 45] and references therein) it is a subject that still is very much in its infancy. For instance, it would be interesting to reach a deeper understanding of our prescription of how to read off the energy momentum tensor of the gravitational solution from a holographic point of view.
• The open and closed string sectors are not decoupled in general. Despite this we are considering a correspondence between two effective theories in this paper, one coming from the open string sector and the other from the closed string sector. The key to understand this point seems to be the correct application of the open/closed string duality, as explained in Section 3. Here it is crucial to consider the N 1 and g s 1 regime which enables one to ignore string diagrams with handles. This distinguishes contributions that arise from interactions with the brane from interactions with the bulk.
Another important question is regarding the supersymmetry of the Born-Infeld action. The Born-Infeld action has a supersymmetric completion, also when including α corrections. This could suggest that the higher-derivative terms are protected by supersymmetry, also when including the planar g s N corrections. In this paper we have seen a strong hint of this, in that we have the same action at leading order at weak and strong g s N coupling, and that we found that the two-derivative corrections are absent both at weak and strong g s N coupling. On the other hand, while the derivative corrections at weak coupling come with powers of α , the derivative corrections at strong coupling come with powers of √ g s N α . Hence, for the four-derivative terms one could at most hope for getting the same answer at strong coupling as for weak coupling up to an overall factor depending on g s N . An interesting way to illuminate these questions would be to look for supersymmetric configurations in our setup with a varying F ab field since that might be exactly solvable on both sides of the correspondence.
We have found the new solution (5.13) of type IIB supergravity for N D3-branes with a generic constant F ab field. In section 5.3 we established a chain of string dualities and rotations that generates this solution. It would be interesting to establish what amount of supersymmetry this solution has, particularly when the D3-brane world-volume is compactified on T 3 .
One of the most interesting future directions would be to consider what happens in the l s → 0 decoupling limit with F ab held fixed in the limit. We established in [16] that if we take this limit for a constant F ab field then we get the AdS/CFT correspondence in the Poincaré patch with the world-volume metric g ab = η cd (η ac + F ac )(η bd + F bd ), Yang-Mills coupling g 2 YM = 4πg s m and theta angle θ = 2π Tr(F * F)/(4mg s ). This suggests that when taking the decoupling limit of the setup of Section 2 with N D3-branes in the background of a slowly varying F ab field, then one obtains a new duality between SU (N ) N = 4 SYM theory on a curved space with varying Yang-Mills coupling and theta angle, and a gravitational background that locally is approximately AdS 5 × S 5 in the Poincaré patch, but over large distances -the distances over which F ab vary -is modified.
Finally it would be worth to study the Born-Infeld/gravity correspondence at non-zero temperature, repeating the analysis presented in this paper for a system of N coincident nonextremal D3-branes. We know that when a constant F ab field is turned on on the brane the leading T 4 terms of the free energies at weak and strong coupling only differ by a 3/4 factor [16] , just like in absence of F ab [32] . This result holds exactly because, when F ab is constant, the decoupling limit yield again the AdS/CFT correspondence in the Poincaré patch, only in a different coordinate system. It would be then very interesting to investigate what happens, also thermodynamically, when F ab is allowed to vary slowly on the brane world-volume.
